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1. In a number of cases in the solution of problems of the linear
theory of shells, auxiliary functions are introduced whicn enable the
problem to be described by a single equation of high order. The general
method by which these functions are introduced reduces to the following
{1,21.

Let us suppose that we are given a set of equations in partial deriva-

tives
n

]
Z.aij(%;)ujzo (i=1,..., ;1< p<k) (1.1)

i=1

where u. are the unknown functions, ai.(a/axp) are linear differential
operators of finite order with constant coefficients. Consider the set
of algebraic equations

n

Dag;(ay) v;=0 G=1,..., m 1<p<k) (1.2)

f=1
derived from (1.1) by a formal replacement of the operation of differ-
entiation with respect to %, by multiplication by some parameter ap. Let
us suppose that the first n — 1 equations of (1.2) enable us to express
Vs eeey v, in terms of v,

D; (g, o0y o) ) \
vizmvn i=1..,n—1) (1.3

Obviously Di and R can be taken as polynomials in @y, eee, Qp. We
introduce the function ® assuming that
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and that ® satisfies the equation
S, (N p (2 2\ (L X
5 () () o ) (o koo 5

Here K(ap) is the determinant of the set of equations (1.2).

It will readily be seen that any function @ satisfying (1.5) provides,
by means of the relations (1.4), a solution to the set of equations (1.1).
If the last of Equations (1.1) is nonhomogeneous, then Equation (1.5) will
also be nonhomogeneous, We shall apply these ideas to the equilibrium
equations of a shallow shell in terms of displacements

<£2__ 1—v 8% {-bv 32 <1 )8w N ’
7= T2 ayZ)”"** 2 wey P\ TR ) a T (L6
14v g2 g2 {—v 0% 1 v\ dw

gy et ) —(m ) 7 =0 4

. B <~1__ 1 2v _I_j: 1 /odu §’u) i (37) Ju \’ q
Vit 5\ RE T RE VYRR YD ["E{(’é}'+“6_y + 7, fa*y'-“‘a?) =D
(1.8}

We then bave the representation
1+v<_ L) FO <J__ 3_) GO A—w el vyEO
u=—"3"\R TRy Taog T\B T &;) dz692 T 2 (‘1?”“‘*“1 > s (19)

R e ol ( _1_)6303 1 _v_) PO 1—v L)ﬁ@{
v=—"y"\T; t &) 5%y +(Rq+31 axzaer 5 (RJr T (1.10)

1——\:

ASD (1.11)

W o=

The function @ must satisfy the equation

iy 1z

B(i—\ﬂ)( 8 2 o 1 04)(]) TR

A R ot T Rl Gatoy T RE oy

In[3 ], the following set of equations was derived from a considera-
tion of the equilibrium of a shallow shell:

1
"}_ﬁ{V‘(P — 2w =0, Tkp+ DVw—Z =0 (1.13)
8% liag i : ,
(v’fz =k ax? +ky oy —2kyy 8x8y) (1.14)

By introducing a function @ given by the formulas
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w = V4O, ¢ = ER/, 20 (1.15)

we can reduce this set to the one equation

12(1 — 2 Z
v8®+ ___(_h2 hd )vkzvkz(p__ D =0 (1.16)

N

In{3], an investigation of the equilibrium of a cylindrical shell
let to the following set of equations in the displacements (for simpli-
city we shall assume that only transverse loading is applied):

2 A—wv & 14v % ow #® 1w as>
<a—xz+ 2 ?y"f)” 2 azay+"%“c“(5§— 5 dwogr) v =0 (L17)

14+v 0% o2 {—wv 0% ow 3—w 833_

3 owdy (ay2+ ) ax‘z)”*‘“ay"*“ 3 Caiy=0 (118
o a1 & o t—v
v—,(g—}—'éfg-—cz-a;[——ayz —(E—v)——ax2}v-}—c"(§74+1)w+ Th R =0

h2
@ = 3 (1.19)

Equations (1.17) to (1.19) differ from Equations (1,6) to (1.8) in
that they contain a number of additional terms. They can be reduced to a
single equation with the aid of the expressions

05 9% N\ *D 03D
u = — 6:1:0y4)®+ oxdy: ¥ 05d (1.20)
. R PO PO
v:20-<m+w)®——(2—{—v)m—*a? (1.21)

and we obtain the following equation for &:
. , 04 o4 MO (1 —v)h
(V4172 V0 — 22 (1 — v) W—w)@”%b—{—(l--—v) 94 = 1Be L (1.23)
Other versions of the theory of shells can also be simplified by the
introduction of auxiliary functions.

It appears that Mishonov [ 4] was the first to point out that Equa-
tions (1.15) are not always valid in the case of a spherical shell.

This fact indicates that auxiliary functions should be used with
caution and renders pertinent the following questions.

1) For what types of shells does the introduction of auxiliary func-
tions with the aid of (1.9) to (1.11), (1.15) enable us to investigate
any type of state of stress?

2) If for certain types of shells Equations (1.9) to (1.11), (1.15)
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cannot always be used, then what states of stress of these shells do
these equations describe?

3) Can any state of stress for a cylindrical shell be described by
Equations (1.20) to (1.22)°?

4) What is the degree of arbitrariness of the function ® in the above
representations?

We shall consider these questions in the following sections.

2. Let us consider the possibility of realizing (1.9) to (1.11).
Suppose that there exist three arbitrary sufficiently smooth functions
u, v, v related by Equations (1.6), (1.7). We shall try to find a func-
tion ® by means of which solutions (1.9) to (1.11) are realized. We shall
suppose for simplicity that the region occupied by the plan of the shell
is simply-connected. From (1.6) to (1.7) we have

(Lo
{ u ‘ ok Ry Rz) dx J_[ o ] @.1)
v <L+_V_\ﬂ B '

Ry Ry) oy

where K is the operator of the plane problem in the theory of elasticity
for a region with zero conditions on the boundary, and 8o, Vg represent
some solution to the homogeneous plane problem of the theory of elasti-
city for Q. Also, from (1,11) we have
ﬁ_z -1 9

(D:1——VZ w~§—(D0 (_2)
where Z is the blharmonic operator for {) with zero conditions on the
boundary, and ¢$ is biharmonic in the {-function.

We introduce now the operator C which assigns to each sufficiently
smooth function ® a pair of functions u, v according to Formulas (1.9),
(1.10)., Evidently, the biharmonic function ¢5, as follows from (2.1) and
(2.2), must be given by the relations

1 v ) dw

‘u - 9 \E+RZ 6x] [uO]
=CD = Z-1 —K-1 )
1o TR ey (Tl Y
2 VR, dy
From (2.3) we have
[ 7) 5 |
U,
(705
R, Ry oy

We will show that the right-hand side of Formula (2.4) is a solution
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of the homogeneous equations in the plane problem of the theory of
elasticity for . In order to do so, it is sufficient simply to establish

the relation
1 v > D
| (re+ 7 ) G |
KCZ iy = ! ,
1 —w ll ,l»aw
R, TR/ oy

—
(&%)
)

We shall evaluate the operator KC by making use of the symbolic method
and by denoting the operator of differentiation with respect to z by p,
and the operator of differentiation with respect to y by q.We then have

(P

@) G+ o paCa)

KC = BRI 2.6)
(2 >Cz+ PaCy
Here C;, C, are given by (1.9), (1.10):
1+v v ,  l—v 1 vy
Cr=— P <RI+R‘,>P‘I +( +E>P9'+ 2 KE“?V‘E/)F;
(2.7}
14w 1 1 v =yt vy
Cy=— 2 <R2+R_1>P2Q+<—2+72_1>P2‘1T 2 (Tg-r—‘ﬁ:)(]‘*
From (2.6), (2.7) we obtain
1—w .
J <7?— Ro>p(p + ¢%? ‘
KC = ! .
(1 (2 8)
& T ) q(p® +q2)2l

Also, if we take into account that (p2 + q2)2Z"1w = w we cah easily
obtain (2.5) from (2.8). It has thus been established that the right-
hand side of (2.4) is a solution to the homogeneous equations of the
plane problem of the theory of elasticity. We shall denote this solution
by u;, v;. Thus the biharmonic function @0 must be determined by the set

cc[)o:{ uf } (2.9)

which in expanded form can be written as

Ry T R,

1+v<v . 1)6?(]‘0 (1 v>83(Dn 1—v<1 n v__>63(D0

—_ _— e s S ———
2 Ry T R, Joxoy? dxbyt T 2 R,

14w 1\ 6%, 1 v)&"(l)o 1~v<1 Vv \ 6°@
T2 <R, - H]) my+(’1?;+7fj droy T2 \H; +—1> @ =

In order to determine 45 from (2.10), we make use of the Goursat
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relation Qb = Za+ za+ b+ b. After substituting this relation in (2.10),
multiplying the second of Equaticns (2.10) by i and adding to the first,
we find

@’ (3 —v) (1 — v)(% --7%)_

(1 — v2)[ (za” " )(1;1 1% ) ,Lza“<]§ + égﬂ = w4 i @.11)

Further, on the basis of the well-known Kolosov-Muskhelishvili rela-
tion

20 (ur -+ ioy) = % — 2" — (2.12)

Here ¢, ¢ are analytic in the {)-function. Thus a, & must be determined
from the relation

a”(3~V)(1—V)—(1_V2)[ (za” +57) ('}%‘7%)*‘2‘7(1%*"?%)]:

1 . _
T (%P — 29" — ) (2.13)
It follows from (2,12) that
1 ‘1 % 1 1 ,
G- (g —g) =5 (g —7) =
2 n( 1 _1_> blrr (71“_ L II)
@ £y + Ry + Ry R1> = 2u(1_\)4) (2.14)

Also, if we take into account that in the case of a plane state of
stress Kk = (3 — v)/(1 + v), we see immediately that a« and b can always
be found from (2.14) if 1/R; — 1/Ry £ 0.

Thus, provided the shell is not spherical, solutions (1.9), (1.10)
are always realizable. It follows also from (2.14) that if ®;, ®, satisfy
simul taneously (1.9), (1.10) for given u, v, w, then
2+v>

- s ]

L my K 1;1—— Rz )J -+ 3( 5+ Rll>x2y-} - P (2.13)

where a,, m, are arbitrary constants and P is an arbitrary polynomial of
the second order. Consequently, the function @ for given values of u, v,
» can be determined to the accuracy of eight constants.

We shall now consider the case of a spherical shell.
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If Rl zvﬂz = R, Expressions (1.9), (1.10) give

1—wv* o i1—wv2 @ 1—w
u:—2R—~5;V2(D, vzwzﬁvzﬁ), w = Vid (2.16)

It follows from (2.16) that
u$
u, v, =0, u, o, =0 +v) g 2.47)

Thus, in the case of s spherical shell, Expressions (1.9) and (1.10)
cannot always be used; in fact, they can be used only when conditions
(2.17) are satisfied, It will readily be seen that conditions (2.17) are
sufficient for realizing solutions (1.9), (1.10). Let us consider now an
example when conditions (2.17) are not satisfied. Suppose that

1

w =EBA("2—@2)2' — f(2”$$ L:i(;gy

1 4 2p2 4

fr)y = ;v(;_ﬁ__ azr +%> P2l Ly? (2.18)

It will be seen that Expressions (2.18) satisfy (1.6), (1.7) and re-
present some symmetrical deformation of a shell fully restrained on the
edge r = a. The corresponding loading can be found from (1.8). It can
easily be shown that the first of conditions (2.17) is satisfied but the
second is not, since

(A +vyw 1+v
- R

u, -+ o, = e (2.19)

Thus, with the given conditions, (1.9), (1.10) are not possible.

In the case when (2.17) is satisfied and ®,, ¢@ satisfy simultaneous-
1y (2.16)

Dy — Oy = D° -+ a (22 + 3?) (2.20)

where ®° is some harmonie function and a is a constant.

3. Refer once again to (1.14), (1l.15). Since the method of investiga-
tion here is analogous in every respect, we shall simply formulate the
basic results, which reduce to the following.

a) Suppose that k- ky + ik, # 0, i.e. that the shell is not
spherical. In this case, for any sufficiently smooth functions related
by (1.13), Expressions (1.15) are always possible.

b) If ®1. GE are two functions satisfying simultaneously (1.15), then

Dy — Oy = ayx2? + agy? -+ agry - agr + asy 4 as (3
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where the constants a4, ag, ag are arbitrary, and a;, ay, ay are related
by the expression

ak, -+ /lg/f,u —- kaya;; =0 (3.2)
¢) If the shell is spherical (kz = ky = k, kxy = 0), Expressions (1.14),
(1.15) are possible only if
w == Ehk 720 (3.3)
Then, if ®;, ®, satisfy simultaneously (1.15), &, — ®, = ®°, where ®°
is some harmonic function.

4, An examination of the expressions of Vlasov (1.20) to (1.22) leads
to the following conclusions.

For any three functions related by (1.17), (1.18), Expressions (1.20)
to (1.22) are always possible. Then, if @1, @2 satisfy simultaneously
(1.20) to (1.22), we have

Dy — Dy = ay (o3 4 Bvay?) + s [ Bady 4 24 V) ¥l P (w, y)

where P is an arbitrary second-order polynomial.
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